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Abstract 

We give the Fock representation of a noncommutative CP^ and gauge theo¬ 
ries on it. The Fock representation is constructed based on star products given 
by deformation quantization with separation of variables and operators which act 
on states in the Fock space are explicitly described by functions of inhomogeneous 
coordinates on CP^. Using the Fock representation, we are able to discuss the 
positivity of Yang-Mills type actions and the minimal action principle. Other types 
of actions including the Chern-Simons term are also investigated. BPS-like equa¬ 
tions on noncommutative CP^ and are derived from these actions. There are 
analogies between BPS-like equations on CP^ and monopole equations on M^, and 
BPS-like equations on CP^ and instanton equations on M®. We discuss solutions of 
these BPS-like equations. 


1 Introduction 

We come across field theories on noncommutative spaces in various situations. For 
example, effective theories of D-branes with background B fields are given as gauge 
theories on noncommutative manifolds m- Another example is the IIB matrix 
model [8], some classical solutions of which correspond to noncommutative gauge 
theories. These facts have motivated analyses of field theories on noncommutative 
spaces. (See, for example, review papers [Ml EH |T7].) In particular, it has be¬ 
come increasingly important to investigate properties of gauge theories on various 
noncommutative manifolds. 

In our preceding paper [18] we provided explicit expressions of star products of 
noncommutative CP^ and CH^, and in m gauge theories on noncommutative 
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homogeneous Kahler manifolds are constructed by using the deformation quantiza¬ 
tion with separation of variables [TO]. The aim of this article is to investigate them 
in some details. 

Here, we briefly review the deformation quantization that is a way to realize 
noncommutative manifolds. It is defined as follows. Let be a set of formal 
power series in h with coefficients of (7°° functions on a Poisson manifold M i.e. 


A star product is defined on T by 


where is a noncommutative parameter. 


f*g = '£h'^Ckif,g), f,g€T, ( 1 . 1 ) 

k 

such that the product satisfies the following conditions. 

1. * is an associative product. 

2. Cfc is a bidifferential operator. 

3. Co and Ci are defined as 

Coif,g) = fg, (1.2) 

Ci{f,g)-Ci{gJ)=i{f,g}, (1.3) 

where {f,g} is the Poisson bracket. 

4. / *! = !*/ = /. 

In |14] . noncommutative gauge theories on homogeneous Kahler manifolds are 
constructed by using deformation quantization with separation of variables. The 
deformation quantization with separation of variables is one of the methods to con¬ 
struct noncommutative Kahler manifolds given by Kalabegov |10] . (See also [^lllj.f 
Physical quantities like gauge fields are given as formal power series in a noncommu¬ 
tative parameter in deformation quantization, and therefore it is difficult to discuss 
the positivity and boundedness of physical quantities in general. To justify processes 
of the minimal action principle and deriving BPS-like equations we have to get rid 
of difficulties resulting from using formal power series. One of the way to do this is 
to choose an appropriate representation of the noncommutative algebra on (T", *). 
For example, it is well-known that the Fock representation is a good representa¬ 
tion of noncommutative algebra in the Moyal . For noncommutative CP^ the 
Fock representation described by using star products of Karabegov’s deformation 
quantization is given in naiii]. 

In this article, we use the Fock representation given in uadi] to construct gauge 
theories. By virtue of the Fock representation, we are able to prove the positivity of 
Yang-Mills type actions and derive equations of motion. We see analogies between 
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these gauge theories on noncommutative CP^ and the gauge theories on noncom- 
mutative +2A''^ Based on this observation, we propose BPS-like equations for 
gauge theories on noncommutative CP^ and CP^. For the Yang-Mills-Higgs type 
model on noncommutative CP^, obtained BPS-like equations are similar to the 
monopole equations given in the gauge-Higgs model in [HE]. For the Yang-Mills 
type theory on noncommutative CP^, obtained BPS-like equations are analogous 
to the instanton equations in [1]. We also discuss BPS-like equations in a gauge 
theory on CP^ with an action which is a combination of the Yang-Mills type action 
and the Chern-Simons type action. Further, we study some solutions for these new 
BPS-like equations. 

The organization of this paper is as follows. In Section [21 we summarize prelim¬ 
inaries to investigate noncommutative gauge theories. In Section [3l we reformulate 
the Fock representation of CP^ in more sophisticated manner than in ng HI]. 
Using this Fock representation, we construct noncommutative gauge theories and 
prove the positivity of the action functional of the gauge theories. In Section 
we derive the equations of motions, the Bianchi identities and BPS-like equations. 
Summaries are given in Section El 


2 Preliminaries to gauge theories on noncom¬ 
mutative CP^ 


In [14], gauge theories on noncommutative homogeneous Kahler manifolds M = 
G/P are constructed. In the theories, the Kahler manifolds are deformed by us¬ 
ing deformation quantization with separation of variables given by Karabegov [lOj . 
Here, we denote deformation quantization with separation of variables when star 
products satisfy 

a*f = af, f*b = fb, (2.1) 

for any holomorphic function a and any anti-holomorphic function b. 

CP^ is one of the typical homogeneous Kahler manifolds. In the inhomogeneous 
coordinates 2 * (i = 1, 2, • • • , N), the Kahler potential of CP^ is given by 

4> = In (1-k |zp) , (2.2) 


where \z\'^ = metric {gfj) is 

ds^ = 2gf,dz^dP, 


(1 + 

g.- = dM = 


(1 + |Z|2) 


2^2 


3 


(2.3) 

(2.4) 



( 2 . 5 ) 


and the inverse of the metric ( 5 *-^) is 

/^' = (l + |z|2) {6,,+Z^Z^). 

A star product in CP^ is given as follows MM- 

00 

f*9 = Y. ^nih)g^,k^ • • • • • • D^-f) ■ ■ ■ D^-g, ( 2 . 6 ) 

n=0 

where 

= ^Sr(iW- = = 

This star product is constructed by using the way of the deformation quantization 
given in m- Note that the complex conjugate of /*5 is given as f * g = g* f. It is 
easily found that this star product satisfies the condition of deformation quantization 
with separation of variables ( 12 . 111 . 

It should be noted that first order differential operators in noncommutative 
spaces do not satisfy the Leibniz rule in general, but a linear differential opera¬ 
tor defined by using a commutator such that C{f) = [P, f]* := P * f — f * P, 
(P, / E C°°{M)[[h]]) satisfies the Leibniz rule. The star commutator [P, /]* includes 
higher derivative terms of / for a generic P. We have to use first order differential 
operators as derivations to construct field theories having usual kinetic terms. In 
the noncommutative Kahler manifolds deformed by deformation quantization with 
separation of variables, it is known that vector fields are inner derivations if and 
only if the vector fields are the Killing vector fields MM- Hence, held theories 
having usual kinetic terms should be constructed by using the star commutators 
with the Killing potentials corresponding to the Killing vectors. We denote the 
Killing vector held by Ca = Cldi + Ca^i- Note that “a” is not an index of tangent 
vector space of M but one of the Lie algebra of the isometry group G. The Killing 
vector £a’s satisfy 


= ifahc^^c, ( 2 . 8 ) 

where fabc is a structure constant of the Lie algebra of G- 

Let us review the construction of a K {k) gauge theory by using the Killing vector 
held Ca [M]- The Yang-Mills type action is given as follows. We dehne a local gauge 
held Aa E C°°{M)[[h]] (8)u(A:,C) as a formal power series 

00 

Aa-.= Y.h^A^^\ ( 2 . 9 ) 

i=o 
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and we define its gauge transformation by 

Aa^Ma = iU-^*C.aU + U-^*Aa*U, ( 2 . 10 ) 

where U and U~^ are elements of Mfc(C'°°(M)[[^]]). Note that the gauge field is 
defined not on the tangent space on M but on the tangent space on the isometry 
group Q restricted into M. (For the case of CP^ the isometry group G is SU{N+1).) 
Here we put the condition 


t/U [/ 


oo n 

n=0 m=0 



( 2 . 11 ) 


for U = The leading term is a map to U{k). We denote U{k) as a 

j=o 

set of U satisfying ()2.1ip . Let us define a curvature of Aa by 

^ab '■= C,aAh — C}jAa — *[^a, Ab]* — ifabc-^c- (2-12) 

This Pab transforms covariantly: 

J^ab J^ab = * ^ab * U. (2-13) 

Therefore, we obtain the Yang-Mills type gauge invariant action; 

Sg := [ /ig jtr *-Tcrf) , (2.14) 

Jg/n 4 V / 

where r/ is the Killing form of G, and fig is a trace density i.e. * g)k-g = 

CP^, the trace density is given by the Riemannian volume element 
This gauge theory is expected to be the unique gauge theory that its kinetic 
term contains no higher derivative and it connects to the usual Yang-Mills type 
theory in the commutative limit. 

3 The Fock representation of noncommuta- 
tive CP^ 

The Fock representation of noncommutative CP^ with the star product (j2.6p was 
introduced in [18]. In this section, we improve its formulation and provide a more 
detailed description of it. 
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Under the star product (|2.6I) . z® and dj^ = /{l + \z\^) satisfy the commutation 

relations for the creation-annihilation operators, 


[di^, z^]^ = h5ij, [z\ z^]^ = 0, = 0 , 


(3.1) 


and thus it would be natural to consider that functions on the noncommutative 
CP^ are constructed from z® and dj^. But, z^ and dj^ = z^/{I + jzp) are not 
hermitian conjugate each other, when an inner product between functions F, G is 
defined by 

(F, G) = J d^zd^z^ {F*G), (3.2) 

where = 1/(1 -|- Hence, we introduce another set of creation and 

annihilation operators, ai and a\ (r = 1,2 ,... ^N) which are hermitian conjugate 
each other, as follows; 


where 


ai = -^di^ * {1 - h + h)^ = ^(1 - h)* 

V h yh 

a\ = ^(1 -h + h)y^ * F = -^z" * (1 - h)y^, 

V h yh 


h = z^ * (9, <h = 


l + |z| 2 ’ 

[h, z®]* = hz\ [n, = -hdi^, 


and G F is defined by 


/y^ * /y^=/. 


(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 


The existence of for G F is conhrmed by solving (|3.7p recursively. Similarly, 
and /* are dehned as 


f* */ = /*/* = 1 , 

* /y^=/y^ * =1. 


(3.8) 

(3.9) 


It can be easily seen that Oj and a] satisfy the commutation relations. 


ail 


— , [fl j, Q-j ] ^ — 0, 


a|, a] 


= 0 . 


(3.10) 


6 







We can find that Oj and a| are hermitian conjugates of each other from the following 
relations which are calculated by using the definition of star product ()2.6I) . 


z* * (1 — h) = z* *-^7—pr = i\ — h — h) * z'' = di^ — hz^, (3.11) 

1 + \z\^ 

z* = * (1 — h + h)~^ = (1 — * di^. (3.12) 


The number operator n is defined as 


t 

n = a] * tti = —n. 
* h 


(3.13) 


As described in Section O commutators with the Killing potentials provide 
derivations corresponding to the Killing vector fields. CP^ has the SU{N + 1) 
isometry and the Killing potentials corresponding to the Killing vector fields, La = 
“I [Pa, ]* (o = 1, 2 ,..., iV^ + 2A), are given by 

Pa = i [{Ta)oo{z^ * di^ - 1) - i{Ta)o^^l^ - i{Ta\od^^ - i{Ta)^jP * 9^$] . (3.14) 

Here T^’s are bases of the fundamental representation matrices of the Lie algebra 
su{N + 1) satisfying \Ta-,Tb\ = ifabcTc with the structure constants fate, and their 
indices are assigned as 


Ta = 


(7a)00 

{Pa)oj 

{Ta)iO 

{Pa)ij 


€ su{N + 1, C). 


These are represented by using the creation and annihilation operators as 


Pa = -i 


(ra)oo(l - fin) + Vh{Ta)oial * (1 - 

+'/h{Ta)io{l - hn)lP *ai + h{Ta)ijaj * a* 


Here, we used 


= 


= Zi * (1 — n) = Vhal * (1 — hn) 


1/2 


1 + \z\^ 

The Killing potentials constitute the Lie algebra su{N + 1), 

[Pa,Pb]* = -fifabcPc- 

In [18], it is shown that corresponds to a vacuum state. 


(3.15) 


(3.16) 


(3.17) 


(3.18) 
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which satisfies 


* |0)(0| = ^^(1 — h)* * di^ * e = 0, 

vh 


|0)(0| * a| = * z* * (1 - = 0, 

vh 


(3.19) 

(3.20) 

= e"'*’/'* * e-'*’/'" = = |0)(0|. (3.21) 

The bases of the set of linear operators acting on the Fock space are given by 


\n){m\ = Im, • • • ,nN){mi, ■ ■ ■ ,mN\ 

1 


1 


—^(al)r * • • • * («!v)r * io)(oi * (ai)r * • • • * . 

y/nii-'-nN- ymi\---mN\ 

(3.22) 


r(i/;i + i) 




Vnli l™l +1) (1 + kP) 


1 . ? 
h 


(3.23) 


where (a)” = a * • • • * a and \m\ = mi, |n| = Here we used 

a\^ * • • • * a\^ = * (1 — h)^/^ * • • • * z*'= * (1 — h)^/^ 

= * ■ ■ ■ * * {1/h — n — {k — 1))^'^^ * {l/H — n — {k — 2))^/^ * • • • * (1/^ — n)^/^ 

and 

* ■ ■ ■ * * |0)(0| = y^{l/h){l/h — 1) ■ ■ ■ {1/h — k + l)z*^ * ... * 2;*'= * 

(3.24) 


/ r(i/^ + i) 

“ Y r(l/;i-A: + l) (l + |z| 2 )lM- 

We make a relation between the trace Tr on the Fock space and the integration 
on CP^. We normalize the trace as 


Tr |n)(m| = 5^ 


Next, we calculate 


f ^ ^ ^ . 

I{n, m)= |n)(m| dz^dz^. 


(3.25) 


(3.26) 



First, we have 


/(n, m) = 


T{l/h + l) 


^JuZi nMii \/r(i A - H + i)r(i A - \m\ + 1 ) 


JJ dz^dz^ 


\i=l 


(1 + |z|2)lA+'^^+l ■ 


(3.27) 


By taking the parametrizations, z* = the integrations by the angle variables 

give {2tt )^Then I{n,m) becomes 


I {ft, m) 


1 

(27r)^r(l/A+l) r 

(nii«.( 

1 r(l/^ — n + 1) Jq 



nili vT 


l + Eill!/.) 


N l/;i+ 7 V+l ' 


(3.28) 


The Hi integrations are performed recursively from i = 1 to i = by using the 
following equation, 


1 I \ iA+^^+i-E)JiK+i) 

1 + Ei=i Vj) 

_^_ / (lx _-_^_ 

/ \ i/^+-^+i-E}=i(%+i) Jo n _|_ 2 ;)^/^+-^+^“E}=i(%+i) 

+ /-^j=i+i Vi) ^ 

ni\r{\/h + + 1 — Y2j=ii'^j 1 )) 1 


r(l/A + Af + l-X:l-\(n,- + l)) E , ^iv x1M+^+i-E;=iK+i)’ 

+ L.j=i+iyjj 




(3.29) 

where x is defined as 

Vi 

X = - M -• 

1 + Hjj=i+i Vj 

(3.30) 

Then we find 

I{n,rh) = 5ii^rhCN{K), 

(3.31) 

where 

„ (2vr)^r(l/A + l) 

r(i/fi + jv + i)' 

(3.32) 

The condition that all of the integrations converge is given by 



, , , , 1 
n , m < — + 1. 
n 

(3.33) 
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From (|3.25l) and (13.311) . Tr on the Fock space is related to the integration, 


Tr |n)(m 


1 

CN 


N 

n)(m| ^/gY\_dz^dz^■ 
i=l 


(3.34) 


When 1/h is equal to a positive integer L, the space spanned by the bases |n)(m| 
is consistently restricted to those with 0 < |n|, \m\ < L. Then, it can be shown that 
the bases are complete. 


0<|n|<L 


E 

0<|n|<L 


L! 

(a=in,!)(T 


nf=i (kf)" 

n|)! (l + I^^P)^ 


1 , 


(3.35) 


where X]o<|n|<L denotes the summation over all partitions n = (ni, • • • , n*, • • • , uat) 
satisfying 0 < |n| = 

Let us consider U{k) gauge theories in the Fock representation. We here take a 
gauge field being anti-hermitian, and a curvature being hermitian. 


4 I — — 4 - 

■^a — -^<0 -^ab ~ 

= A'ab- 

(3.36) 

They are expressed in the Fock representation as 





(3.37) 

a,n,'m 



Tab = d-ah-^fi,rh 

n)(m , 

(3.38) 




where (a = Ij 2,... , k'^) are dxd hermitian matrices as a basis of a representation 
of the Lie algebra u{k) and -^a fi ^ab-H m ^ d’he anti-hermiticity of Aa and 
the hermiticity of Tab lead to 


A O' = A 

~ '■'ab-fi.rh ~ '^ab;m,n‘ 

An element of the U{k) gauge transformation group U{k) is written as 


E UirnMA\fi){rn 

A,n,m 


(3.39) 


(3.40) 


where Ma are bases of GL{d;C). From the unitarity, U * = 1, the following 

condition is imposed 

E (3.41) 
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In short, YIa -^A <8) is a unitary matrix. 

In the Fock representation, the action functional of the gauge field is expressed 
as 

5 = ^Tr tr TabJ^ab, (3.42) 

where Tr is the trace on the Fock space and tr is the one for d x d matrices. Here, 
we used the Killing form for CP^, = 5“^. By using the Fock representation of 

the curvature p.38p and the hermiticity condition of Pab (I3.39p . we finally find 

^ = T ^ (3.43) 

a,n,m 

The action for ffanee fields (I2.14p oroDosed in m is a formal power series in the 
noncommutative parameter. In the formal power series, one can not discuss whether 
the action is positive definite or not, and thus it is not possible to use the minimum 
action principle. To avoid this issue, the states was restricted within the Fock 
representation, and the positive action functional was obtained by the processes in 
this section. 

At the end of this section, we comment about a relation between our models 
and the gauge theories on the fuzzy CP^. As a result of the restriction (j8.33p . the 
Hilbert space of our gauge theories becomes a finite dimensional space. So we expect 
our gauge theories are equivalent to some gauge theories on fuzzy CP^ OEIE]. 

4 New BPS-like equations in noncommutative 

CPi and CP2 

4.1 Equations of Motion and Bianchi Identities 

Let us consider the action for gauge fields on CP^, ()2.14p in the Fock representation. 
From a variation of the action with respective to the gauge field, 

dS" = ^ y d^zy/g tr {Ca^Ah - Cb^Aa - 2i[5Aa,Ab]* - ifabAAc) * (4.1) 

the equations of motion are derived as 

T^bA'ab - ^fabc^bc = 0. (4.2) 

Pa = Pa — i[Aa-, ]* is the covariant derivative for the adjoint representation. Note 
that the curvature is rewritten as 

Pab '^[Qa:Qb]* T fabcQc: (4-3) 
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(4.4) 


where, using the Killing potential Va 


~TPa, Qa is defined as 
n 


Qa='Pa- iA, 


From the Jacobi identities, 

[Qa^ [Qbj Qc]*]* 4“ [Qb) [Qo Qa]*]* 4“ [Qo [Qa^ Q&]*]* — 0, (d-5) 

the Bianchi identities are derived as 

T^aA'bc + ifbcd^ad + T^b^ca + ifcad^^bd + T^c^ab + ifabd^cd = 0. (4.6) 

4.2 New BPS-like equations on noncommutative CP^ 

In this subsection we derive BPS-like equations on CP^. The isometry group of 
CP^ is 5P(2), which is a three-dimensional space. Hence, it seems that there is an 
analogy with gauge theories on M^. Let us introduce an adjoint scalar field (j) which 
transforms under a gauge transformation as 

U eU{k), (4.7) 

and its covariant derivative is given by 

= [A, </>]*• (4.8) 

Let us consider the following gauge invariant action functional with the gauge group 

U{k) 

^ I^str(Pab * - 2T>a(i) * Pa</>), (4.9) 

where the Killing form of s«(2), is used. In the Fock representation, the 

action is written as 

S = ^Tr tr(Pab * Pab - 2Pa0 * Pa</>)- (4.10) 

As similar to the monopole theory of the Yang-Mills-Higgs model on M^, we can 
rewrite the above action as follows. 

= Tr tr[\{iVaCP ± Ba)\^ T i£a{l3a<j) + CpBa)] , (4.11) 

where Ba is defined, using the structure constant of su(2) fabc = ^abc as 

Ba = -j^abc^bc- (4-12) 
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Here the following relations are used; 

= -^^ab^ab, (4-13) 

— '^(^abc [Qaj — '^(^abc [Qai * [Qbj Qc]^, “1“ ^bcdQd]^ — O' (4'l-4) 

The second term in (14.lip , 

j flgtl {iCa{Ba(i) + (pBa)} , (4.15) 

is a total divergence i f dg{/Ug tr ^a(Ba^+(/>Ba)}, in other words, topological charge. 
Finally, the BPS-like equations are obtained 

Ba±iV^(/> = 0. (4.16) 

The solutions of (j4.16p satisfy the equations of motion of (14.9p : 

VaVa(/^ = 0, (4.17) 

'Bb-Bab - -€abcBbc + * [4>,'Da(j)]^ = 0, (4-18) 


because 

VaVa(t> = BiVaBa = 0 
by the Bianchi identities (I4.14D . and 

i 

BbBlb ~^^abcBbc — (^abc^bBc iBa 

= T^eabc[Db,Vc\^cl)^Va(l) 

= B[BaA]^ 

= -i [(l),Va(j)]^ . 

The BPS-like equations ()4.16l] are similar to Bogomolny’s monopole equations 
in the Yang-Mills-Higgs model in M^, and the derivation processes are parallel with 
them [2]. The similarities arise from the following facts: SU{2) and are three- 
dimensional spaces, and the Killing form of SU{2) used in the action (4.9) is the 
same as the Euclidean metric of M^. However the equations (|4.16p are completely 
different from the Bogomolny’s monopole equations. It can be seen from the follow¬ 
ing example. 


13 












For simplicity, we consider the U{2) gauge theory on noncommutative CP^. In 
[T], Aoki, Iso and Nagao constructed a ’t Hooft-Polyakov monopole on an Fuzzy 
sphere. Their solution is given by 


Aa = ita, (4.19) 

where ta is a some generator of the Lie algebra corresponding to SU{2) which is 
common to both the gauge group and the isometry group. The curvature of this 
solution vanishes i.e. Tab = 0, but this solution is not trivial. (See also (I4.29P in 
the next subsection.) Indeed it is shown that the solution has the monopole charge 
— 1 in [T]. (Note that the monopole charge in [T] is different from the topological 
charge ()4.15l) .l This monopole solution is included in solutions of the above BPS- 
like equations (I4.16h . Because Ba = \^ahcThc = 0, if we choose (p = 0, then Aa = ita 
satisfies (j4.16p . too. Hence, we find this configuration is a nontrivial solution of 

(336]). 

Some questions about the BPS-like equations (|4.16l) arise naturally. Are there 
solutions with non-zero Are there any other solutions with non-zero topological 
charge (I4.15p ? Can we solve the BPS-like equations (14.161) systematically? These 
problems are left open. 

4.3 New BPS-like equations on noncommutative CP^ 

In Section 14.21 we found that there is an analogy between a gauge theory on the 
three-dimensional Euclidean space and our gauge theory on noncommutative CP^, 
because the dimension of the isometry group SU (2) of noncommutative CP^ is three 
and the Killing form of su{2) plays the role of the Euclidean metric. It is natural 
to expect that this analogy extend to the case of noncommutative CP^. Since the 
dimension of the isometry group SU (3) of CP^ is eight and the Killing form of the 
Lie algebra su{2) is 5ab^ we draw an analogy with a gauge theory on M®. Similarly 
to the generalized instanton equations on the given by Corrigan et ah [4], we 
try to derive new BPS equations on CP^ in this subsection. 

We introduce Tabcd (a, c, d = 1,..., 8) which is completely anti-symmetric with 
respect to the indices a, b, c, d. At first, we consider the case that Tabcd is a constant, 
that is, diTabcd = ^iTabcd = 0. Let us put conditions like the instanton equations, 

TabcdTcd = ‘2'\Tcd, (4.20) 

where A is a non-zero constant. The consistency of the conditions requires that 
Tabcd 's need to satisfy 


TabcdTcdef 2A {Sae^bf daf^be) 


(4.21) 
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(4.22) 


From the Bianchi identities (14.6p . we obtain 

Tabcd {T^b^cd + ihce^de) = 0. 

Using these conditions (|4.20p . these equations become 

VtJ^ab + ^TabcdfbceJ^de = 0. (4.23) 

Comparing these equations with the equations of motion (14.2h . further conditions 
have to be imposed, 

Tabcdfbce^de = -^fabc^bc- (4.24) 

Hence, we find new BPS-like equations by the combinations of (14.2011 and ()4.24p for 
constants Tabcd- 

As similar to the case of CP^, we can construct a solution whose curvature Tab 
vanishes. Consider the case of SU{3) gauge theory on noncommutative CP^. Since 
the curvature is written as (14.3p . it is easily seen that for bases ta in a representation 
of su{3) a gauge field 

A = ita (4.25) 

is a configuration of Tab = 0 and this gauge connection is a solution of (j4.2np and 

Km . 

To observe that this solution gives nontrivial configurations of the gauge fields, 
we consider the commutative limit of it. For simplicity, we take the bases of the 
fundamental representation as ta in ()4.25p . that is, ta is equal to Ta in the Killing 
potential (j3.14p . In the commutative limit, the ordinary gauge fields, Ai and 
are derived from Aa as follows; 

A = -gfjCi-^a = -i{diPa)Aa = {diPa)Ta, (4.26) 

Ai = -gi^CiAa = i{diPa)Aa = -{d-iPa)Ta. (4.27) 

The detailed relations between Aj, Aj and Aa are given in m- After a straightfor¬ 
ward calculation, we obtain the curvature F = dA -|- A A A as 


Fij — Fj^j — 0 


Aj ^ 


T^idij A A) 

di9ij 

^k9ij 

1 1 up'. 

i+pp ' S'lfeS'ij A + ul ) 


(4.28) 

(4.29) 


Here, we represented a matrix K = {Kab) £ AfAr+i(C), (A, P = 0,1,... , N) as 


K = 


Kqo 

Koi 

Kko 

Kki 


(4.30) 
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with k,l = 1,2, Hence, the ordinary curvature F does not vanish though 

= 0 . 

The above discussion about the flat connections Fab = 0 is valid for noncommu- 
tative gauge theories on for any N. When the isometry group SU{N + 1) of 

is a subgroup of gauge group, Aa = it a is a flat connection in the meaning of 
^ab = 0, where ta is a generator of the Lie algebra of a subgroup SU{N + 1) of the 
gauge group. In a case that ta is in the fundamental representation, the ordinary 
curvature F has the form of (j4.29p in the commutative limit and it does not vanish. 


4.4 Another type of first order differential equations 

Next, we should like to investigate another possibility for Tabcd in (14.2011 . In the 
following discussion, we consider only the commutative CP^. So far, we do not 
succeed in applying the following formulation to noncommutative CP^. 

Since CP^ is the coset space SU{N + l)/5([/(l) x U{N)), let us consider CP^ 
embedded in SU{N + 1). Projection operators hab to the tangential directions of 
CP^ in SU{N + I) are constructed from the Killing vectors Ca of CP^ as 


hab — dfii^CaCb J 
hachcb hab‘ 


(4.31) 

(4.32) 


From hab and the completely antisymmetric covariant tensor E^aypa on CP^, we 
introduce two tensors Jabcd and Tabcd as follows; 

Jab,cd — ~^{hachbd hadhbc')i (4.33) 

Tab,cd = ^CaCfe CcCd (4.34) 
Our definition of is P 1234 = ^/g- These tensors satisfy the following relations. 


Jab,ef Jef,cd t^Jab^cdi 


Tab,efTef^cd — i2^Jab,cd^ 


Jab,ef'ihef,cd Tab^ef Jef,cd 

We then define orthogonal projection operators. 


h^ab cd ’hab,cd T Tab^cdi 


p(i) p(i) p(i) 

^ab,cd'‘' cd,ef ^ab,efi 


p(±) pA) _ Q 
^ab,cd^cd,ef ~ 


(4.35) 

(4.36) 


(4.37) 

(4.38) 
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Let us consider the following conditions for the curvature Tah^ 


(4.39) 

(4.40) 



pi-) 

ab,cd 

_ p(+) 

^ ab,cd j 


^cd = 0, 
^cd = 0, 


where Iab,cd = ki^achd - Sadhc)- These are equivalent to 


Jab,cdJ~zd — ^^abi 


Tab,cdJ^cd = 2^ab- 


Combining these conditions and the Bianchi identities (14.6p . we find 


(4.41) 

(4.42) 


0 = Tda,bc{'C>aJ^bc + ifbceJ^ae) 

= T^aiTda,bcJ^bc) — (T’ aTda,bc)^bc T 'i''^da,bc fbce^ae 
= -^T^aJ^da — {^aTda,bc)J^bc + iTda,bcfbceJ^ae- (4.43) 

The second and third terms in the rightest hand side of the above equation are 
calculated as 


^^aTda,bc)^bc — ^^fade^ea ‘^'i'Tda,bcfbce^aei 
'^da,bcfbce^ae ‘^Tdaficfbce^ae,fg^fg 

— ~^fbcehdehbfhchJ^fh 

— ~^fbcehde^bc' 

The proofs of (j4.44p and p4.45p are given in Appendix 1X1 
In Appendix [B1 the proof of the formulas, 


fabcQCK^c = 0, 


(4.44) 

(4.45) 


(4.46) 


are given in the case of CP^. Using p4.41|] and p4.46p . the term in the rightest hand 
side of p4.45p vanishes 


fbcehde^bc — fbcehdehbfhch^fh — 0 - 
The equations (I4.43P finally become 

T’feTafe — ifabc^bc = 0. 


(4.47) 


(4.48) 


17 














These equations are not same as the equations of motion (I4.2p . However, one can 
find a new action functional whose equations of motion are identified with (14.481) . 

In Ref. [13], the Chern-Simons like actions on coset spaces are provided. In our 
formulation, the corresponding action is written as 

ScS = j fJ^gfabci^ (2“^“ * ^b-Ac + -Aa * Ah * Ac + -fabdAc * Ad 

— j fJ'gfabA^ ^ 4 “^“ * ^bc ■ (4.49) 

The equations of motion of Scs are obtained as 

fabcJ^bc = 0. (4.50) 

Under the gauge transformation (I2.10p . this action transforms as 

Scs -^ Scs + 2 y (/abctr ^bU * U~^ * Aa) 

+ ^ I f^cfabctr U-^ * CaU * U-^ * ChU * U-^ * CcU. (4.51) 

The second term on the right hand side is a total divergence, and thus it vanishes on 

a compact manifold without boundary. Furthermore, if we use the cyclic symmetry 
of the integration and trace, and the fact that the Killing vectors can be written 
as a star commutator, Ca = —]*, it can be shown that the third term also 
vanishes. Hence, Scs is gauge invariant. Remark that this discussion can be applied 
to not only but also any homogeneous Kahler manifolds. 

Let us consider an action which is a linear combination of the Yang-Mills type 
action and the Chern-Simons type action, 

Sym+cs = Sym + oiScs, (4-52) 

with a real constant parameter a. Then, the equations of motion of the action are 
given as 

T^b^ab + - l)fabcA'bc = 0- (4.53) 

Therefore, we can change the coefficient of jabc^bc in the equations of motion. If we 
put a = —1, then the equations ()4.53l) are equal to (I4.48p . 

At the end of this section, we make two comments. First, the equations (|4.39p 
include usual instanton equation *F = ±P on CP^ in the tangent direction of 
CP^. The second comment is for the realization of this formulation in noncommu- 
tative CP^. To realize it, we have to construct the noncommutative version of the 
projection operators (|4.37p . (14.381) . They have not been constructed until now. 
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5 Conclusions 


In this article, using the Fock representation, we investigated gauge theories on non- 
commutative CP^ which is constructed by means of the deformation quantization 
with separation of variables. By virtue of the Fock representation, the minimal 
action principle makes sense in our gauge theories. We derived equations of motion 
and new BPS-like equations for CP^ and CP^. 

It is found that there are analogies between the gauge theories on CP^ and 
gauge theories on + 2 iv^ Thus, the BPS-like equations on CP^ are similar to 
the monopole equations in the Yang-Mills-Higgs model on R^, and the BPS-like 
equations on are similar to the instanton equations on R®. We discussed some 
solutions for the BPS-like equations corresponding to Pab = 0, where we note that 
the vanishing of the curvature Pab does not mean that the solutions are trivial, as 
we saw in Section 4. But we could not find new solutions with Pab ^ 0. 

At the end of this article, we itemize problems being left unsolved. 

1. How can we solve the new BPS-like equations systematically? 

2 . Are there solutions of the BPS-like equations with Pab 7 ^ 0 ? 

3. How can we characterize solutions of the BPS-like equations? Is there any topo¬ 
logical invariant to characterize and classify solutions? 

The problem 3 is deeply related with the quantum corrections to the topological 
term caused under the noncommutative deformation. We set the discussion of this 
problem aside for another day. 
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A Proof of (14.441) and (14.451) 


We let 5a denote the Lie derivative corresponding to the Killing vector C,a. The Lie 
derivatives of the Killing vector and are 


5aCt = Ca9.Cr - duC^aCb = ifabc^c, 


5aE, 


fiiypa 


= 0 , 


(A.l) 

(A.2) 


where the Killing equation is used. Tabbed is a scalar under the coordinate transfor¬ 
mations, and thus 

5aTbc,de = CadpTbc.de = EaTbc,de- (A.3) 
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Using this, (14.441) is obtained as follows; 


-{CaTda,bc)J'bc = + CXCXCcXp<^ + 

+CXCbCciXX]j^bc 

= [ifadeCCaCXXp^ + ‘^ifabeXXEX ^bc 

— ( ifadeTea^bc - 2ifabeTda,ec)Ebc 

= -^fadeEea — 2iTda,bcfbceEae- (A.4) 

(I4.45P is also shown by the following calculations. 


Tda,bcfbceEae = 2Tda,bcfbceTaeJgEfg 


I rs' . 


— ofbceEfgCdCaCbCcEgupaCa Ce ^fCg Egiyipifji 




= -XXdCbX Cf Cg 


, fbceEfgCj^Cb CcCe Cf Cg i.9gg'9uu'9pp' 4 “ 9pu’9vp'9pp' 4 “ 9pp'9vp'9pv') 


4 

— ~^fbce^deEbc 


(A.5) 


B Proof of (14.46 1) 


Here, the notation for matrices in (j4.80p is used. We define a {N + 1) x {N + 1) 
matrix P from the Killing potentials Pa of CP^ as 


P = PaTa, 


(B.l) 


where is a generator of su{N + 1) in the fundamental representation. Ta is 
normalized so that 


{Ta)AB{Ta)cD = ^AD^BC “ jy _|_ -^ ^AB^CD- 


(B.2) 


Then, P is written as 


P = 


—i 


1 + up V 


k ) 4- , 1 Ia^+I- 


A^ + 1' 


(B.3) 
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The following relations hold for P and derivatives of P; 


PdiP = 


i N 

d^p, diPP = -i-^d^p, 


iV + 1 


Pd,p = -i- 


N 


-diP, diPP = 


N + l 
i 


pp 


'iV + l * 

diPdjP = diPdjP = 0 , 

Tr diP = Tr = 0, TV diPdjP = -gfj 


The Killing vectors of CP^ are represented by diP and 9jP as 


[Ta, P\=-Cd,P-CdlP, 
c = TadjP, cl = i/^Tr TadjP 


Using above relations, let us calculate fabcCaClCc ! 


(B.4) 

(B.5) 

(B.6) 

(B.7) 


(B.8) 

(B.9) 


fabcClcM = (Tr Ta[n,T,]) (Tr TadiP) (Tr ndmP) (Tr T,dnP) 

= -g^^g^^g^^ (Tr [T,, diP] d^P) (TV T,dnP) 

= 0. (B.IO) 


Here we used (lB.2p in the second equality and (jB.Op in the third equality. Similarly, 
fabcClClCl,fabcClClCl and fabcCaClCl also Vanish. 
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